NATIONAL TECHNICAL UNIVERSITY OF ATHENS
SCHOOL OF CIVIL ENGINEERING

INTER-DEPARTMENTAL POSTGRADUATE COURSES PROGRAMMES
«AOMOXTATIKOXZ 2XEAIAXMOXZ KAI ANAAY2ZH KATAXKEYQN»

“ANALYSIS AND DESIGN OF EARTHQUAKE RESISTANT STRUCTURES”

NONUNIFORM TORSION,
UNIFORM SHEAR AND
TIMOSHENKO THEORY OF
EILASTIC HOMOGENEOUS
ISOTROPIC PRISMATIC BARS

Lecturer :
E. J. Sapountzakis
Professor NTUA

COURSE : APPLIED STRUCTURAL ANALYSIS OF FRAMED AND SHELL STRUCTURES (A1)

E.M.II. ZyoAn IToAtikdv Mnyavikodv Egopuoouévn Aveivan Pofowtav kol Empaveiokwv Popéwv (1)




Eccentric Transverse
Shear Loading O

C: Kévipo
Beapove

S: Kévrpo
dratunayc

(Direct: Equilibrium Torsion, Indirect: Compatibility Torsion)

e e e e e IR e e e e
S e v F e m e R T L

&

it

Nonuniform shear Nonuniform
shear stress flow

stress flow due to 1
y due to M,

]
iAA
A==

P U e s e
P S

Warping due to

Warping due to
torsion

transverse shear J _
SSIRIRInnIe e

E.M.II. ZyoAn IToAtikdv Mnyavikodv Egpapuoouévn Avalvon Pafowtov kar Empaveioxmy Popéwv




Due to Torsion
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CROSS SECTIONS EXHIBITING SMALL AND SIGNIFICANT WARPING

]
SMALL WARPING INTENSE WARPING
(Closed shaped cross sections) (Open shaped cross sections)
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COMPARISON OF TORSIONAL DEFORMATIONS OF THIN WALLED TUBES
HAVING CLOSED AND OPEN SHAPED CROSS SECTIONS

v, =100mm
t =1mm

]tClose _ 30000]t0pen

Distribution of primary Distribution of primary
shear stresses shear stresses
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Direct Torsion Indirect Torsion

(Equilibrium Torsion) (Compatibility Torsion)

Cracking due to creep and shrinkage
effects = Significant reduction of
torsional rigidity

Bridge deck of box shaped cross section
curved in plan = (Permanent) torsional
loading due to self-weight
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Transverse Load, Twisting Moment: Constant

Warping (0, M)): Free (Not Restrained)

Uniform Shear — Torsion

Shear Stresses Exclusively
(Saint—Venant, 1855)

Transverse Load, Twisting Moment: Variable

Warping (Q, Mt): Restrained

Nonuniform Shear — Torsion
(Wagner, 1929)

Shear Stresses (Primary (St. Venant))

Stresses due to Warping (Normal stresses Avouorouopen ortpéyn pafidwy drartounc dimlot “tav”
& Secondary shear stresses)
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Primary Shear Stresses Secondary (Warping) Shear
(torsional loading) stresses (torsional loading)
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Saint Venant (uniform) torsion has been “depicted” by Prandtl (1903) through the
membrane analogy: Uniform torsion and membrane problems are described from
analogous boundary value problems.

T —Shapec/-')

(0rPp2) Cross
section

Rectangular
Cross section

The deformed membrane ofiers! the following miormation:

® Contours correspond to the directions of the trajectories of shear stresses

® The slopes of the deformed membrane correspond to the values of shear stresses

® The volume of the deformed membrane corresponds to St. Venant’s torsion constant
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| Warping due to shear

Warping due to shear

!

® Stress State (Stress field):

Uniform Shear

¢ Strain/Deformation State:

Shear Deformation Coetficients /ndirect
account of warping deformation (Timoshenko,

1922)

Warping due to torsion

Warping due to torsion

(Significant in Open Shaped Cross
Sections)

!

® Stress State
&
® Strain State:

Nonuniform Torsion
Seven degrees of freedom (14x14 [K])
* Additional dof.: Twisting curvature
* Additional stress resultant: Warping
moment
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* Limited set of cross sections (of simple geometry)
Technical Beam Theory —> * Warping restraints are ignored.
* Compatibility equations, are not employed
*' Stress computations. are performed studying equilibrium
of a finite segment of a bar and not equilibrium of an
infinitesimal material point (3d. elasticity)

Thin Walled Beam theory * Valid  jor' thinm  walled  cross sections (Midline

(Vlasov theory, 1964)  — 2 enployed)
! Warping restraints are taken into account

! Reliability: Depends: on thickness of shell elements
CoOmprising the beam

* Valid for arbitrarily shaped cross sections
(Thick or Thin walled)
* Warping restraints arve taken into account
* BVPs formulated employing theory of 3D elasticity
* Numerical solution of BVPs

Generalized Beam Theory —>
(Schardt, 1966)
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Analysis of Bars and Bar Assemblages - Direct Stiffness Method
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Plane Steel "o = Spatial Steel
Plane Steel Frame .

Frame

* Application of 12x12 Stiffness Matrix (6 dofs per node)

* Approximate Computation of Torsion Constant

* Approximate Computation of Shear Deformation Coefficients

* Approximate Computation of stresses due to shear and torsion

!

Inaccuracies > Non conservative Design (sometimes)
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ASSUMPTIONS OF ELASTIC THEORY OF TORSION

® The bar is straight.

® The bar 1s prismatic.

® The bar’s longitudinal axis is subjected to twisting exclusively.

* Distortional deformations of the cross section are not allowed (cross sectional shape is not

altered during deformation (y,,=0, distortion neglecied).

® Twisting rotation is considened small: Citcular arc displacements, are approximated with
the corresponding displacements along the chords.

® The material of the bar is homogeneous, isotiopic, continuous, (no cracking) and linearly
elastic: Constitutive relations of linear elasticity: are valid.

®* The distribution of stresses at the: bar ends is such sor that all the aforementioned

assumptions are valid.

Especially for (unrestrained) uniform (Saint Venant) torsion the following assumption is
also valid:

* Longitudinal displacements (warping) are not restrained and do not depend on the
longitudinal coordinate (every cross section exhibits the same warping deformations).
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Displacement Field

up (%, %2,%3) =+0; (%) o (52,%3)
Z/lZ(j(v:],%Z,i_g) = _(PP’)Sina) — —(MP)QI(.%])S”’ZQ) — —3239]()?])
M3()z],)~C2,)z3) — (PP’)COSQ) = (MP)H](XI)COSQJ — %2&1(.%])
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ELASTIC THEORY OF TORSION
Components of the Infinitesimal Strain Tensor

ouy  y/ .
811—852 =¢91(x1)-(pM(x2,x3) 5]]:0—)StV
Ji
Ou) ou ou, Ou
227 5%, £33 5%, '3 "%, 0%,

ﬁﬁ E.M.II. ZyoAn IToAtikdv Mnyavikodv Egpapuoouévn Avalvon Pafowtav kar Empaveioxwv Popéwv (15)



ELASTIC THEORY OF TORSION

Components of the Cauchy Stress Tensor (v=0

E n( =~ ~ =
t11 :(]+V)(]—2V) [(]—V)E][ +V(6'22 +833):|=E'(9](X])'(0M(X2,X3)
17 =0 - StV.
- E [(]—v)g +v(e+e )}—0
122 _(]+v) 1-2v) 22 11 7¢€33)|=
p 732=G 73, =0
733 =(]+v) ]—2\;)':(1_‘})633 +V(8]] +522):|:0
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ELASTIC THEORY OF TORSION

Differential Equilibrium Equations of 3D Elasticity

(Body forces neglected)
) Not Satisfied! 2>

G-0 ()’E ] ) a({M -X3 |=0 Inconsistency of Theory of Nonuniform Torsion:
X Overall equilibrium of the bar is satisfied (energy
r—> . . .
0 principle). However, only the longitudinal
G-Hl"(i ])- M +X, |=0 equilibrium equation (along x,) is satisfied locally
Ox 3 ) (St.V. = Identical satisfaction of all diff. equil. eqns)
0 [ O . 0 NG . 0 -
— G-H}(x])- ?M —X3 || T G-H}(x]) @HQ +T[E"9}'(x1)'¢M]=0
5)62 axz 8x3 8x3 8x]
2 2 '
m( -~
Py O Py _ E-0/(%)

_|_ — .
(95622 8%32 G0, ()E]) Pm

O - O (%.%,,55) , DECOMPOSITION OF
Inconsistency = gHEAR STRESSES

e11=0](%1) on (%2.%3)

Egpapuoouévn Avalvon Pafowtov kar Empaveioxwv Popéwv (17)
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Physical Meaning of Decomposing Shear Stresses

M p  Primary Twisting i
¢ Momen Phase II |

_ _ M, : Warping |

Angle of Twist Per Unit Moment i
Length (Torsional i
Curvature).: Constant Phase 111 i

2 StV. i

MS - Secondary Twisting
L Moment
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ELASTIC THEORY OF TORSION

Primary (St. Venant) Shear Stresses

o feel .
TZ ZG'HI()C])'( a({M

713 =G'91'(551)'£ gi

X3

Secondar arping) Shear Stresses

Normal
Stresses

)= E-0] (%) oy (35, %3)
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Reliability of the shear stress decomposition

S

uj <<uf=6’1'(5€1)'¢1\5 (%5,%3)
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ELASTIC THEORY OF TORSION
ny =cos(%,n) =cosa Boundary Conditions

13 =Sin(5c'3,n) =sina

Shear stresses along the

F, normal direction n on
e the boundary VANISH:
@, P __P P
d.i . T]nZTIZ'I’l2+T]3'n3=0
3 S S S
Tin =Ti2 Ny + 713103 =0
TII;IZGH 0—)——)~C3 n2—5€2 nj
S S
0 0
ngn _g.%%m _ Pm _
on n
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ELASTIC THEORY OF TORSION
Boundary Value Problems

Primary Warping Function
Laplace differential eqn with Neumann type boundary conditions

2 2 P
V2l = 5¢M 5@@4:0’0
8X2 8x3
8¢M —X3 n2 XZ 1’13 ,F
on

Secondary Warping Function
Poisson differential eqn with Neumann type boundary conditions

2 2 4
2 0 0 £ P
v ¢S _ (PM (PM (%; )-go 0
8X2 8x3 G

Wi g r

on ’ (PDEs)
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ELASTIC THEORY OF TORSION
Stress Resultants

® Twisting Moment: )/ ;= M f + M }9

® Primary Twisting Moment:

0 . 0 . -
M}D:j z'ﬁ ({M — X3 +rﬁ- (p~M+x2 a’Q—)Msz-It-H]’(x])
X Ox
0 2 3
P P
. - . 0 . O :
J :J' x22+X32+x2-¢——x3- Pm 4. Torsion constant
t Ox OX Saint-Venant
O X3 X) (Saint-Venant)
° Secondary Twisting Moment
P P
0 0 -
MP = [|—ef, 22U _ 5. 29M \qgo 5 M5 =—E-Cy -07(%;)
0 8x2 8)(3

C., = J.((DP )2 d.0 Warping Constant
M M (Wagner)
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ELASTIC THEORY OF TORSION
Stress Resultants

® Warping P _w "
Moment: MW Z—IQMT]] dQ—)MW Z—ECMQI
Q2 Schardt, 1966: “Higher order Stress
Warping Moment as External Résu”am o o
. Difficult visualization/depiction M
Loading f

Self-equilibrated stress

® Normal Stresses with Nonuniform Distribution

®* Bending Moments applied in planes parallel to the 7
longitudinal bar axis located at distance from the

center of twist
®* Concentrated Axial Forces:

M=) (o),

e.g. Z-shaped cross section with equal length flanges

le—

- (0]‘]; - O at centroid
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Warping Moment due to Axial loading T

(Roik, 1978) /| A

Tz
A
z

AN

P/4 v 4
'Y /}/ Bending Loading R
Axial loading (N) A (M) z
P4
P/4 - /= Y
" XS lj -'\‘ J '/ \ / \\i >
1 \
74 / 2 ”
P/ /;/ , _ 0 /}/
Bending loading Warping Moment
(M,) Loading (M,,)

PA / P/A /
P PA
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ELASTIC THEORY OF TORSION
Center of Twist (M

)75\4 ’)?jM + Point with respect to which the cross sections rotate (no transverse
displacements) (or point where rotation causes no axial and bending

stress resultants

TZ,T}}, Ji ¢ |- Independent of the center of twist (St. Venant could not calculate the

position of the center of twist!)

Dependent of the center of twist

P S S w .
uy ,772,773.711.Cpr |-
— —M M

P~ - P M —
Ou (%5,%3) =0 (X5, X3 ) —XoX3" +X3%5 +C

P
V2pl =0 O 9 _+ .. % I
Do =V, Py = X3 Ny —X)- N3,

* Method of equilibrium:
Under any coordinate system N =AM, =M, =(0 due to warping normal stresses

* Energy Method:
Minimization of Strain Energy due to aCM GCM aCM 0

warping normal stresses 6)72 = a)_% - oC

Egopuoouévn Aveiven Pofiowtav kol Emipaveioxwv Popéwv  (25)
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ELASTIC THEORY OF TORSION
Center of Twist (M

S2 .XM S3 -I-AC——RS

M+]23 M+S2 =—E2

T =M M = — 7P
I)3 X" +133x3 —S3¢=R;3

T22

where:

A=[dQ2 S,=[X%dQ S;=[X,dQ
I,=[Xd2 I;3=[x"d2 I;=—[%%;d0Q
0

RE=[gbda R =[%0fd0 R =[5 dd0
02
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ELASTIC THEORY OF TORSION
Global Equilibrium Equation & Boundary conditions
Method of Equilibrium or Energy Method

1 1

3 %2 TOTAL POTENTIAL ENERGY
i % M L(1 2 1 y .
W / ,,=], (E O +5E-Cpp -6 —my -ﬁljdx]
my dx; / :E P }5‘
/ T oF _ cf 5}7 d”_oF _ =0 (Euler—Lagrange egns)
M]+8M] dil/’ 0’)&] dX] éyl dx] 50
~

m, = -G-] ;- @}’ + E. CM 9’” ' Inside the bar interval

Cl]@] -I-CZZM] = a3 ,316’] +,B2MW = ,33 At the bar ends

Torsio.nal Gl > 15 — Uniform Torsion (Ramm &
Damping g=[ . . Hofmann
Coefficient ) C <15 — Nonuniform Torsion 1995)
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ELASTIC THEORY OF TORSION
Alternative Solution of the Uniform Torsion Problem

* Conjugate function vy of function gpﬁ

Vi = [5‘” 5‘”] 0 z'l’;zGH’-(@—xJ =GO’ [_@Hj

ox,! Ox.’ ox,
1
./,:E-(x22+x32)+ C, 1t=j'g[x22+x32—x _xz_x _]d
 Prandtl Stress function F(x,y)
oF OoF
T =2-G8-— 1/.=2-GO -——
VIF - O’F o”F _1 X, 13 ox,
ox, é’x
F F
F=CF Itzj (x é’_+x é’_ Q2
ox, ox,

Constants C, C are unknown and must be determined at each boundary of a
multiply connected region (occupied by the cross section) = Complex Problem.
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Steel Profile UPE—100 * Bar ends simply supported

- il | ® Loading: m, =1kNm/m c=3.66<15

, 7 ® Length: /=1.0m
(r=Icm t=0.75cm

. FEM ) . o
LTPEMTIKG BEM (Kraus. [Tivaxces (BAP) Azoxhon (%)

h=10cm /,—'eMC peyen 2005] [Schneider, 2001] BEM & Iltvaiceg
Me—qrp—C eclom) 3754 3758 3.925 455
LI [ te=045em L{ent) 2019 2010 1.995 1.23
\E=z, 1ES, v=0.3 Cylem®) 5902 590.1 568.1 375
=1 | maxglp(en’) 1673 1690 14.02 M3 (o)
" b=55cm !
FEM (Kraus, 2005) maxu’ (cm) =0.024 maxu’ (cm) =4.052x107*

< rf}

\

(x=0.0,1.0m) (x=0.0,1.0m) W

1,690E+01
E 1,408E+01
1,127E+01

8,451E+00

5,634E+00

2.817E+00
-2,817E+00

E -5,634E+00
: -8,451E+00
-1,127E+01
-1.408E+01

-1,690E+01

;""'&

/arping along the thickness
direction IS NOT
CONSTANT => Thin walled beam theory not valid
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[—e— My (KNm): Kaptrrik Potrr (min/max: 500) ]

- = | =——6—— Mw (KNm2): Aippo1tj (min:-343.00, max:+333.98

Example 600 ( ): AippoTr ( )
-500 =

£, -400 —
P=100kY | ).< _______ o« 300 =)
5 -200 —
-100 —
0
100 —
200 —
. 00 Wi
Bar of Box Shaped Cross 400 — i
Section Clamped at Both 7 Bar Length (m) Primary Warping
Ends 600 T T T T T T 1
0 5 10 15 20 25 30 35 40

——S—— ob: K&pyn (BA:-40.9965, £¢:+40.9965) S ob: Kduyn (6A-49.4765, e¢:+49.4765)
——— gw: AIppoTTH| (BA:-21.6758, £¢:+22.2612)

-80 — ,
—— gW: AIppOTTH (BA:-26.7831, £:+26.0788
peoT ® ) NORMAL -80 = e otot: Kapwn & AippoTrf) (BA:-71.1523, €@:+71.7377)

otot: Kapyn & AippoTi (BA:-67.7796, e@:+67.0753)
STRESSES

Point A

0 =
20 Discrepancy
=30%
40 — Point B
60 —
Bar Length (m)
80 I I I I I I I I 50 Bar Length (m)

0 5 10 15 20 25 30 35 40
0 5 10 15 20 25 30 35 40
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——— Mtp: MpwToyevrg ZTpeTTIKr) PoTrA (Min/max: 180.72)
m —6—— Mts: Aeutepoyevig ZTpemTikr) Potr (min/max: 182.50)
Exa ple Mt: ZuvoAikr) Z1petmikry Potrry (min/max: 182.50)

200 =
3.65m
P:IOOkNI—)*K 150
A —
100 &=12332>15
50 —
0 —4
50 —
' -100 —
Bar of Box Shaped Cross .
Section Clamped at Both - Bar length (m)
Ends 0 é 1Io 1I5 2|o 2|5 slo 3Is 4|o
(Avoporépopen Ztpéym) 2= == max T =13.674kPa {Avopordpopon Ztpéym)

AT
Il g

1

,maxtp =19.352kPa . _y3113kpa

-

)

1

1
1
|

1
. 1~ =13.649kPa
T~ =9.107kPa r ro=17. gjgkpa 'r . =15.879kPa
me’rP =180.72FNm oug Bécerg x =100 30.0m me}S =182 5khin ouig Bsoag x=00,40.0m
{Opowdpopyn Ztpéym) o == - max 7~ =13.809kPa
i Il Discrepancy
SHEAR _ ~30%
STRESSES

1 =9.107kPa -7 =13.784kPa
max M, =182.5km o” 6hn T papoo
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* Computation of Shear Stresses

* Computation of Shear Center Position

* Computation of Shear Deformation Coefficients (required for Timoshenko beam theory)

— Displacement Field
— GBT— BVP ——
L Stress Field —— Poisson ratio v taken

Shear Stresses———TWBT into account

cut
_95,

— TBT > Q. : 1,b

= Cross sections possessing at
least one axis of symmetry
—— Simply connected cross section

____, Poisson ratio v neglected

(& |, 7 constant along the width b

Centroid) N .
. B,B; & 4,4, = t_: vanishing

—— B.A, point ' = t_: Discontinuity
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ASSUMPTIONS OF ELASTIC THEORY OF UNIFORM SHEAR

® The bar 1s straight.
® The bar 1s prismatic.

® Distortional deformations of the cross section are not allowed' (y23=0, distortion neglected).

®* The material of the bar is homoegeneous, isotropic, continuous (no cracking) and

linearly elastic: Constitutive relations of linear elasticity: are valid.

®* The distribution of stresses’ at the bar ends is such so that all the aforementioned

assumptions are valid.
® Deflections and bending rotations

are considered to be  small

(geometrically linear theory)).

* Longitudinal displacements
(warping) are not restrained and do
not depend on the longitudinal
coordinate (every cross section
exhibits the same = warping

deformations).

E.M.II. ZyoAn IToAtikdv Mnyavikodv
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THEORY OF UNIFORM SHEAR - DISPLACEMENT FIELD

Displacement field

Uj (x],xz,x3) =0, (x])-x3 -0, (x])x2 a (2% (x2,x3)

I/l2 (x],xZ,X3):M2 (xl) Byignoring
Shear Strains:
)=us(x;)
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THEORY OF UNIFORM SHEAR - DISPLACEMENT FIELD
Components of the Infinitesimal Strain Tensor

511:8“]:8(92 x3—%x2 522:%:0 533:%:0
5)6] @x] @x] @xz aX3
81221 5u1+5u2 :i _93+5u2+@§0c :iaqﬁc
2 5)62 5x1 2 @x] @xz 2 aX2
523 :i 61/!2 4 @u3 :0
2 5)63 @xz

5]3 :i 8141 4 aU3 :i 92 + (9(06 + aU3 :i(’?(oc
2 6.)(:3 @x] 2
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THEORY OF UNIFORM SHEAR - DISPLACEMENT FIELD

Components of the Cauchy Stress Tensor (v=0

olv 00
T]]:E-g]]:E —2x3——3x2 2'22:0 2'33:0 T23:0
ax] ax]
oQ o
7.,=2G-&,» = (G—L& 7,2, =2G-&;, =G—=
12 12 axz 13 13 8)63
Differential Equilibrium Equations of 3D Elasticity
(Body forces neglected) , )
19 %)
Ot 01 9T _ o L TE (6 2y -6 x|+ G2 1 G L%
8)61 5)62 5)(3 8)622 aX32
8712 + 8722 n 8732 _ O N 82-12 _ O\
5)61 5)62 8.)(:3 8)(:1 . . .
- Identical Satisfaction
8713 n 6723 n 8733 _ O—) 5713 :O
6)(:1 8}62 @x3 @xl
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THEORY OF UNIFORM SHEAR - DISPLACEMENT FIELD

Determination of: £ (95 * X3 — 6’3” :

M2: IT]]x.?.d‘Q:E
0

M3 :_J-T]]x2'd‘QZ_E(9§J.x2x3dg_9_§’“‘xZZde:E(H_g"Ij’j’_@é']Zj’)
0 0 0

o, _[ X3 d 02 -0, I X,x3d 02
0

|

1,5, I;; I,;: Moments of inertia

Qs =

Equilibrium of .~

bending moments

0O,

oM )
6x12 E(05-1,,-05-153)
oM )
8x]3 E(05-1,;—03-133)

):E(Qé 1y —05-153)

N

X, )

>

J

E(62X3 9

E}j E.M.II. ZyoAn IToAtikdv Mnyavikodv

) (Q3[33 —Q2]23)x3 "‘(Qzlzz —Q3123)x2

2
[yy35 =153
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THEORY OF UNIFORM SHEAR - DISPLACEMENT FIELD
Poisson Partial Differential Equation

8zgp 82g0
Vzgo Xn, X7 )= <+ C=f(x),x7),Q
c( 2 3) axzz 5X32 (2 3)
1
g(x,%3) :B[(Q3[33 ~O)13)x3+( 0y, —Q3[23)x2] D =1,,13; _1232

1
f(x2,%3) = —Eg(xzﬂ%)

Boundary Condition

Tin =Tpohy + 7303 =0—>

Ty \ n

G
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THEORY OF UNIFORM SHEAR - STRESS FIELD

Beam theory:
t & 1. =— Myl ,5 + Ml n Myl55 +Msl o
Ty =T33 =73 =0 fu > [ 2 |3
oM oM 15,135 - 15 155135 - 153
Q, =—=,0, = —— (statically determinate beam
Ox, Ox,

= M,, M, are computed through the global equilibrium equations)
® Analysis: Q3 (Q, correspondingly and subsequent superposition of results)

Differential Equilibrium Equations of 3D Elasticity

(Body forces neglected)
ot ot ot ot ot
11, 9%21 9831 _ g 9021 OT31 _ 05 (x2053 = x3153)
2
ax] 5x2 5x3 5x2 a—xg ]22]33—]23
@TIZ 8722 8T32 52‘12 )
P + P + 5 =0 P =0| Shear stresses depend on x, & x;,
X] X2 X3 | . exclusively, that is they are the same
or or or ks " at each cross section of the bar
13 4 23 4 33 _ 0 — 13 _ 0
Gx] 8)62 5)63 ax]
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THEORY OF UNIFORM SHEAR - STRESS FIELD (ANALYSIS: Q)
Components of the infinitesimal strain tensor (v ” 0)

E _ i — __Y — Era =10
11 = I 522—533——5711—_‘/511 23 =
T ( ) < 271_3:,9 (x X )

512——26,—512 Xr,X3 13 G 13\ X2, X3

Compatibility Equations
Strain field -> Satisfies 4 compatibility equations identically

%, 8713 _8712 _ VQ3133
6)(:2 @xz @x3 (]+V)([22]33 _[223)

0 | 0713 0ty | _ VO3l 53

Ox;\ Ox,  Ox; _(]+V)(]22]33_1223)
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THEORY OF UNIFORM SHEAR - STRESS FIELD M.‘ Q_;)
Stress Function

Shear stresses: => They satisfy Compatibility Equations Identically

Q3 aé_dZ 2_13:Q3 aé_

d3
B 5)6 ) B ax 3

Ui =

@( X, x3) - Stress function with continuous partial derivatives up to 2™ order

x22 _x32 . x22 _X32
V ]33X2X3_[23 12+ —V ]33
2 2

+153x,x3 | |13

B=2(1+v)(Ll33—13)
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THEORY OF UNIFORM SHEAR - STRESS FIELD (Analysis: Q)

Poisson Partial Differential Equation
2 2
0 od 0°D
V (D()C2,X3): 2+ > :2(X2]23—X3]33),Q
8)(:2 8)(:3

Boundary Condition

dinj' - /'/i ........
ds . _ _
d;g/ L T]n —2'12112 +T]3n3 —0—)
2
oD

on
(Neumann)
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THEORY OF UNIFORM SHEAR - STRESS FIELD (Analysis: 0,)

Poisson Partial Differential
Equation

Boundary Condition

916
——=en,+eznz =n-e,/"  (Neumann)
on
[ 62i2 -+ €3i3 =
i 2 2 l i 2 2 )
X — X . X — X
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THEORY OF UNIFORM SHEAR
Shear Center ()

*® Point where Internal Shear Stress Resultant is subjected

® Poisson ratio v = () = S.C. (S) coincides with C. of T. (M) (Weber, 1924), (Trefftz, 1935)

* Determination: With respect to an arbitrary point | M= M

Me: Twisting Moment at S.C. arising from externally applied forces
Mt Twisting Moment arising from shear stresses due to transverse shear

EJ{ct

’ S S
Qs x5 =0, x5 =

]ﬁt

I (TJ3.X2 _TJZ.X3)d.é —>
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THEORY OF UNIFORM SHEAR
SHEAR CENTER - DISPLACEMENT FIELD

8¢cx2 6¢cx2

S
*0,=0&0;=1: x; =G| x; Ox; o Ox e
8¢C)€ a(DCX
00, =1&0;=0: x; ==G[ | x;—>—x;—= [d 2
2 6)(:3 6)(72
SHEAR CENTER - STRESS FIELD
.QZZO&Q3:] x}g:ij X2a—@_ 36—®_X2d3+)(:3d2 dQ
BQ_ aX3 6X2 |
.| e 06 _
00, =1&0,=0: x5 =— [| xs = —x, = — X260, + X-e5 |dQ
0, OF 3 B[L_Saxz 2o, 3 23_
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THEORY OF UNIFORM SHEAR

713 (xl’x?,)

: Actual shear strains

_[7713 (xl’x3)

Q0

7713 (xl’x3):

713 (X1 , X3 ) = y : Average shear strains

715- Shear strains of Timoshenko beam
“~+theory = They need correction since they
__-have unsatisfactory (constant) distributio

I

N

Shear Deformation
Coefficient a; (>1)

Vi3 = A3713
Q3 - GK3 A7/13 - GAS37/1 : Shear Correction Factor
1 K3 (<1)

. : . _ 1
A, =—A=kK;A : Effective Shear Area Y13 = — 713 = K313

3 ay
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THEORIES OF SHEAR DEFORMATION COEFFICIENTS

£ centros
X Average value of shear stresses fajcen r01.d

1) Timoshenko Theory (1921, 1922): «;= . does not lie
Actual shear stress at centroid BRI cross

section ?)

2) Cowper Theory (1966): Global equilibrium equations formulated by integrating the 3d
elasticity differential equilibrium equations

3) Energy Approach (Bach & Baumann, 1924): The formulas of the approximate shear
strain energy per unit length and the
exact one are equated

o, must depend on the ratio of the sides (b/h)

~ 1
h \L thatis b/h T  then &y=1/a; > 0 sothat y;3=—y3 =K37;3 >0
4%

G Unacceptably | Unrealistic results
If a3 is independent of b/h then 53 3 Jarge values

El,, 2l FEM: “Shear-Locking”
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Exact formula of shear strain energy per unit length =
Approximate formula of shear strain energy per unit length

Uexact U“PP’”
__N\_ AL

A\ r

2 1N 2 2 \
VT3 5o %92 | 05 | 30,05

5 24G  2AG  AG

Principal Shear Principal Bending

System System Bending

—
2ay, tan? ¢B _ 215, Deflections:

tan 2(0S =

Axis of symmetry = §0S — §DB
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THEORY OF UNIFORM SHEAR

SHEAR DEFORMATION COEFFICIENTS
DISPLACEMENT FIELD
'{Qz #0, O3 :0}

AG2 J‘J‘ (6¢c2 jz +[8¢62 j2
Q2 0 Ox 5 Ox 3
«{0,=0, 0;#0}:

-2 () o2 oo

.{Q2¢0, Q; # 0} :
AG? 0P, 23 ’ 0P, 23 i _AG2 903 2
e ”H 0x, j +£ o, ) | 0’ g o, )

A0 (20 22 oo

d
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THEORY OF UNIFORM SHEAR

SHEAR DEFORMATION COEFFICIENTS
STRESS FIELD

{0, #0, 0;=0}:

a5 :éé(V(ﬂ—e)-(V@—e)dﬂ

«{0,=0, 0;#0}:

a; :%j(vcp—d)-(vcp—d)d[z

«{0,#0, 0320}

a23:2i2j (V@ -d)-(VO-e)|d0

B o
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0.15
—4.00 4.00 4.00 4.00 4.00 —

0.05
—8.00 8.00 8.00 8.00 8.00 —
—8.00 8.00 8.00 8.00 8.00 —

-0.05
—4.00 4.00 4.00 4.00 4.00—

-0.15

-0.30 -0.20 -0.10 -0.00 0.10 0.20 0.30

Poisson ratio:
v=0.0

TBT: " = 1.5% =8.33kPa

ﬁ}j E.ML.IL. ZyoAn [HoMtikdv Mnyoavikadv

Rectangular section:
l 0.=IkN

14 =
Shear stresses 7, (kPa)
13 —
12 4
=——8— A0y0¢ Poisson v=0.0
1= == A0Y0¢ Poisson v=0.3
10 —
9 p—
S-0-Sco-0-0-0-0-0-0-0-0-0,8-0-00
8 p—
7 —
6 | | | | | |
-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3
Centroidal Axis yy

bxh=60x30 (cm)

7 2 94kPa

12.14kPa

e
\6,00 4.00 ——— 4,00 — 4.00

0
600— (0o 6.0

400 —— ——%
4.00 4.00 ——— 20 ~J
———200—_ .00
=
2. 20,00 0.10 0.20 030

Poisson ratio:
v=0.3
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, , , ) )
Adyar aviotdoewoy GA, fBI,, (1fm* ) pev=0.3 kot &= 30cm

Evepyeiorm LaBodog . Teyvirt)
b fh
h / (MpOTEBLEYT) Timoshenko Cowper sempi
b=30cm 1 4247 44 45 4357 42.74
“Shear Locking” 2 160 93 17778 174 29 170,24
(Artificial, Spurious ] &17. 77 111114 108935 106837
(Shear) Rigidity 10 P15.9% 4444 &2 4357 38 427351
induced) a0 F58.61 111115.55 108934 52 1068357 &1
100 Qo7 G A44462 232 435738 39 427350473
5000 —
GASZ / El Iy
4500 —
4000 — \\
3500 — K
3000 — b=30cm \\\ Timoshenko
2500 — " Cowper
2000 = .Tsxvmﬁ Bewpia
1500 Evepyetoky Méfodoc
1000 — (ITpotetvouevn)
500 —
b/h
0 — T T T T T T T 1 /

‘ 1 2 3 4 5 6 7 8 9 10
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— A 28.00
4 26.00 20.00
b=0.10m 24.00 18.00
1 ;é:gg 16.00
18.00 14.00
b }Zgg 12.00
%e 12:00 10.00
10.00 8.00
’ ¢! g 600 oo
X AEEEEEEEEEEEE booososssonss B | & 4.00 4.00
: g 2.00 2.00
b : = 0.00 0.00
A [
b~ b T b b
T-shaped cross section
10 — 0.4 =g
Segment I'A
9.5 = 035 —
Kévipo orarunons z.{m) wgs mpog C o —
0.3 -
z5(m) 8.5 —
¥ FEM g 0.25 = QZ
BEM [Gruttmann
2001] 75 — 02—
0.00 | -0.0222 -0.0221 =—1kN
7 —
0.15 | -0.0228 - Q: 157
0.25 | -0.0232 — 6.5 =
0.1
0.30 | -0.0233 - 6 — == A0y0¢ Poisson v=0.0 —— Ady0g Poisson v=0.0
0.50 | -0.0238 — q e A 70 Poissor} v=0.3 0.05 — —— Ady0g Poisson v=0.3
5.5 — Teyvikn Beopio dokod Teyvucn Bewpia Sokod
Poissonratiov-> 4 -~ 4 I S
DOCS 1’10'[ affect Sheal' 020 -0.15 -0.10 -005 000 005 0.0 015 0.20 00 20 40 6.0 8.0 10.0 12.0 14.0 16.0 18.0 20.0
Segment AB Tq (kPa)
center
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Thin walled L-shaped cross section

~ < hem Principal :: 3 E
: — ~ 7 7 Bendin == =k
' : S v00mar =003 kN
| E - — . Principal § == ol = E v=0.0:maxtr =0.13212—
S Shear = — KN = = cm
< = = = v:0.3:mwc71~=0.09207—2 =E N
S \\ //B I an’ o E v=0.3:maxtp =0.13605—
= ‘ AP =0.430249(rad) = - E i cm
\‘ /C\\ y — E 3 i 0,=1kN
= i
" i 3.995cm — = & ;
| S PR T
y T —] = i
‘ _i_—.r'—— .................... |\¢S = ETT :‘H i HH“\'
B ‘ Ti=lcm I E T T e i ’ .
N — 4 [
b=10.5cm : 4.1cm :
ZUVTETAYUEVES KEVTROU SLATURONG Yy, 2 (m ) 07 O
yyim) zym)
. FENA FEM
BEM [2chrarmm BEN [=chrarmm
197] 19971 Small influence of Poisson ratio v
0.o0 | -1.9983 -1.9578 -4.4254 -4, 4239 . S C .
as0 | -1 0080 _ 44756 _ In stresses and Shear Center at thin
030 | -1.9982 -1.9578 -4 4257 -4 4243 Walled Cross Section bars
040 [ -1.9982 - -4 4257 -
®zmpia Aemrotogmoyv PARowmv
-1.59%5 -4 455
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ASSUMPTIONS OF TIMOSHENKO BEAM THEORY

® The bar 1s straight.
® The bar 1s prismatic.
® Distortional deformations of the cross section are not allowed (yyz=0, distortion neglected).

®* The material of the bar is homoegeneous, isotropic, continuous (no cracking) and

linearly elastic: Constitutive relations of linear elasticity: are valid.
* External transverse fonces pass through the cross section’s shear center. Torsional and

axial forces are not considered! (tonsionless bendmg loading conditions).
® Deflections and bending rotations

are considered to be small

(geometrically linear theory)).

® Cross sections remain plane after

deformation.

® The distribution of stresses at the

bar ends is such so that all the
" C: centroid

aforementioned assumptions are
S: shear center

valid.
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TIMOSHENKO BEAM THEORY

F:uj:()l“]
) s =|lg-P| S
Y. v r Cl Ve
Iy
ZWh  Jzw

Use of the principal shear system CXYZ passing through the centroid C
Displacement Field: (Arising from the plane sections hypothesis)

u(x,3,2)=0y (x)(z—2¢) -0, (x)(y—yc) =0y (x)Z-0,(x)Y
v(x,z)=v(x) Oy (x)=—w(x)

w(x,»)=w(x) 0 (x) =V (x)
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TIMOSHENKO BEAM THEORY

Components of the Infinitesimal Strain Tensor
(Geometrically linear theory)

gxxza_u:dﬁyz_dﬁz v
Ox dx dx
ov ow ov ow
ooy = oz Tyz 0z Oy
~ Ou N ov  dv 0
T3y oy oOx dx z
ou ow dw
Vxz = + — +€Y

Oz Ox dx
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TIMOSHENKO BEAM THEORY

Components of the Cauchy Stress Tensor (v=0

a6, do,
Oy :(]-I-V)Z(ZI—ZV) [(l—v)gm+v(gw+gzz)}=E(de—dej

E
O-yy:(]+v) ]_2v)[(1—v)5yy+v(5xx+gzz)]:0 )
E Tyz =G-7), =0
O, = [(I—v)gzz+v(gxx+gyyﬂ:0
(1+v)(1-2v)
Ty =G 7y =G(—0,+V') T =G 7 =GOy +W)
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TIMOSHENKO BEAM THEORY

Differential Equilibrium Equations of 3D Elasticity
(Body forces neglected)

Not Satisfied! 2>
Inconsistency of Timoshenko Beam Theory:

Overall equilibrium of the bar 1s satisfied (energy principle). The violation of the
longitudinal equilibrium equation (along x) and of the associated boundary
condition is due to the unsatisfactory distribution of the shear stresses arising from
the plane sections hypothesis. Thus, in order to correct at the global level this
unsatisfactory distribution of shear stresses, we introduce shear correction factors
in the cross sectional shear rigidities at the global equilibrium equations

Txy =G°7/xy=G(—HZ +v') szzG-Q/XZ:G(QY+W')

\/

constant distribution:
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TIMOSHENKO BEAM THEORY
Stress Resultants

dv
® Shear stress resultants: _[ T, d (= (d_ — sz
X

j A, A_: Shear areas with respect

to the y,z axes

a, a,

K,k .: shear correction factors (<1)

y
a,,a,: shear deformation coetficients(>1)

(From the assumed displacement field we would have j

szjr dQ = (
A

obtained shear rigidities GA which are larger than the actual ones

Since we are working with the principal shear system of axes = a,. =0

Thus the relations of shear stress resultants with respect to the kinematical

components are decoupled
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TIMOSHENKO BEAM THEORY
Stress Resultants

In general we would have a . # 0

dx

s 0%

0

0, =[r,d2=0G4, (ﬂ—ezj
0

Y Y
a a, da

Ao=xcd =L a4 = =Ly [AyZ_K y _LA]
From uniform shear -

U

Uexact / beam theory appr FI’OIIl thlS thCOI'y
2 2 \
Txy Tz 1.0 — o Q 0! Q ayzQsz
2G 2AG ZAG AG

Egopuoouévn Avoivan Pofowtav ko Emipaveioxov Popéwv (61)
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TIMOSHENKO BEAM THEORY
Stress Resultants

* Bending moments: My = I O Ld 2 M, = —j o, Yd {2
Q
Bending moments are defined with respect to the principal shear system

of axes passing through the centroid of the cross section

My=[0,2dQ2= [ EZ° 9 4o | £vz9% 40 = El, —L by ~ El,, —% 407
dx Q dx dx dx

MZ:_IO'xdeQZjEYZ&dQ—jEYZﬁdQ El, —% dQZ —Ely, d Oy
dx Q dx dx dx

Iy=[2°dQ, I, = [jg Y2dQ, Iy, = [jg YZd €2:

Moments of inertia with respect to the centroid of the cross section
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TIMOSHENKO BEAM THEORY
Global Equilibrium Equations & Boundary conditions

Method of Equilibrium or Energy Method
— dx - TOTAL POTENTIAL ENERGY

OF _d OF d° OF
) di; M dx]2 241

(Euler—Lagrange egns)

X dx
!
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TIMOSHENKO BEAM THEORY
Global Equilibrium Equations & Boundary conditions

Method of Equilibrium
l Equilibrium of bending moments
X dx N dM
| gl o _de _QZ+mY:0
dM
de +0, +my; =0
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TIMOSHENKO BEAM THEORY

Global Equilibrium Equations & Boundary conditions

Equilibrium of bending moments

2 2
%—QZ +my =0= EI, a 92Y —Ely, d ‘922 ~ GA(QY i +my =0 (1)
dx dx dx dz dx
2 2
Mz +0, +my; =0=EI, a ‘922 —El, a ‘ZY + GA(dv—QZ +my =0 (2)
dx dx>  ay \dx
Equilibrium of transverse shear forces
d 2
&+py —0= GALd ;—dQZ +p, =0 (3)
dx ay \ dx®  dx Inside the bar interval
2
PO, _gos GA[d@Y d =0 (4
aZ dx dx
v+ 50, =3 yw+729; =73
At the bar ends

P16, + My =p;  Viby+7:My=7;
— Coupled system of equations due to principal shear system of axes and due to

shear deformation effects
‘ E.MLII. ZyoM IMotikedv Mnyavikdv
.
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TIMOSHENKO BEAM THEORY

Global Equilibrium Equations & Boundary conditions
Combination of equations may be performed in order to uncouple the problem

unknowns - Solution with respect to bending rotations (or deflections)
Resolution of rotations:

3 3 _ _ _
Ely d HSY —Ely, a 6;2 L amy +p,=0(I'), (1) into (3) P10z + oMz = fs
dx dx
d’ d’0y dm / - Y1ty + 72 My =73
El, dx2Z —Ely, dx2Y+ de -p,=0(2"), (2) into (4)

Resolution of deflections:

4’6, d°0, GA(,  dw
Lly 12 —Lly, PR ‘9Y+$ +my =0 (1) ywty20: =73

4’0 d°0 GA(dv j
El,~——%—EI - ~0, |+m,; =0 (2 pv+p0,=5
272 Z 2 T\ )T (2) 15Ty =753
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TIMOSHENKO BEAM THEORY - EXAMPLE

Ps
— Torsionless bending on the Ox1x3 plane
4 0] A L
2 R *1 — Find the elastic curve and the reactions of
B = —1=< — the beam using Timoshenko beam theory
=< L =

STEP 1: Equation of equilibrium (/') (forces):

3 3 3
dx; deS  dx; dx;
2 (7)
do
d—2 El,—2—|=0,0 <x; <a (a)
dx] dx]
2 (2)
do
d—Z El, 2_|=0,a <x; <L (b)
dxl dx]
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TIMOSHENKO BEAM THEORY - EXAMPLE

Ps
— Torsionless bending to the Ox1x3 plane
4 0] A L
2 R *1 — Find the elastic curve and the reactions of
B = —1=< — the beam using Timoshenko beam theory
=< L =

Integrate three times eqns (a,b):

0<x; <a a <x; <L
(1) (2)

(- d | g 4% |_ - (2)_d | g 4957 |~ )
% a0 | 2 I 0 2o | a 2 ()
MO =g, 22 —cx+c;, MY =ELS2 —cpx 40, ()

1 dx;
2 2
Elzegj) = CI%+C3)C] +C5 E[26g2) — C2%+C4x1 +C6 (e)
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TIMOSHENKO BEAM THEORY - EXAMPLE
STEP 2: Resolve constants C;-C, by exploiting the boundary conditions (rotations, moments):

1. (x1) atx, =0 &) (0)=0—LEmC 00— 5
2. M (x1) atx; =L M) (L)=0—280@ L0 1v0,05=0 (@)
. . .. I 2
3. Rotational continuity condition atx; =a : 6’5 ) (a)= 6’5 ) (a) (h)
. 2 2
relations ©)_, ¢ "2 +Cya= C22“ +Ca+C, @)
4. Equilibrium conditions (forces, moments) at x; =a :
N - 2 :
0 (a)=0(a")+p, ()
I 2
M5 (a)=05" (a) )
relations (c,d) ; C] _ C2 n })3 (l)
Cla + C3 = C2a + C4 (m)
From relations (g), (1), (1), (m) =
C,=C,+P, C;=—C,L—aP; C,=C,L C,=—-da’P;/2 (n)
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TIMOSHENKO BEAM THEORY - EXAMPLE

STEP 3: Resolve deflections from equation of equilibrium ( | ) (moments):

2 2 2
E]Zd—%—EIBd% oA 0, + 33 +m2—0:>E12dH22—k3GA 0, + dus | _g—
dx, S as / dx; dx;

) )

kG| ) + 25 = o) ()= £, 92| g <, <a ©)
dx] dx] 1
al?) df. ad

kG| 69 + &5 |2 o?) EI a<x <L 0

3 > 05 (%)= 2| an a <Xx; (0)

Substitute the values of constants (f), (n) into relations (e) and (c) and the
resulting expressions in (0), we get:

2
dugl) G+ h _(C2+P3 )xl +(C2L+aP3)x] )
dx;  k3GA 2EI, El,

dug2) . C2 B CZXIZ + CzLx] n 6121)3

dx, kGA 2EI, EI, 2EIL ®)
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TIMOSHENKO BEAM THEORY - EXAMPLE

Integrate once relations (p):

3 2
ug]) (x]):(C2 +R§>)x] _(C2 —I—P3)x1 +(C2L+CZR3)X1 _|_C7 (q)
k,GA 6EL, 2EI,
uf)(x])— Cyx; _C2x13 +C2Lx12 +02Ps'361 +Cy @

k;GA 6El, 2EI,  2EI,
STEP 4: Resolve constants C,,C,,Cg by exploiting the boundary conditions (translations):
Lud) (x1) atx; =0 ul?) (0)=0—0@ L0 g ®)

relations (q) CZL 4 C2L3 N CZZLP3
k;GA  3El, 2EI,

2 u3(2) (x1) atx;=L: u3(2) (L)=0

+Cy=0 ()

3. Translational continuity condition atx; =a : u 3(1) (a)=u 3(2) (a)

relations (Q)  ~ _ P3a P3a3 (t)
7 8 - -
k;GA 6EL
. P —a” + 2kI¢ EI
From relations (t), (s) = C, =— 3631 Sal—a” + 2kL k= 5 22: uz(xI)... (u)
20 I+ k AGAL
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TIMOSHENKO BEAM THEORY - EXAMPLE

- bh’ 3K (1+v)
— For a rectangular cross section bxh and v=1/3 we have /, = NIE k= 5
4L

— From relations (n),(u),(c),(d) we get the expressions of shear forces and bending moments:

(1) Pa |3a (a ’
Q3 :C]:C2+B3:_ - — +2k +R3

2L(1+k)| L \L

(2) _~ Pa 3a_(gj2
%74 2L(1+k){L L) "

Mg]) :ij] +C3 :_CZ (L_x])—])j)(a_x])

Mgz) :C2x1 +C4 :_CZ (L_x])
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TIMOSHENKO BEAM THEORY - EXAMPLE
— The reactions of the beam are:

2 R 0
3‘1—(ﬁj +2/+Pg ’ s ‘Rf
L \L

(a 0 'A L

L_ A2y Ba Ja_(a ’ 0 9. a b S
K= (L)_zL(Hk)L (Lj +2k} M j( zl

__ Pa
2L(1+k)

Ry’ :le) (0)=

2 Y
0 _ 4D 0\ _  Ba |3a (a
M, —Mg)(O)——CzL—P3a—2U+k){L _(Zj +2k |- Pa

MmE=mP(L)=0

— For small h/L ratios (h/LL.<10) which usually occur in practice, shear deformations

influence negligibly internal actions and reactions of beams
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Thank You
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